A Non-dimensional Form of Hydrodynamic Model with Variable coefficients in a Uniform Reservoir Using Lax-Wendroff Method  by Pochai, Nopparat & Sornsri, Chunya
Available online at www.sciencedirect.com
2nd International Science, Social-Science, Engineering and Energy Conference 2010:  
Engineering Science and Management 
A Non-dimensional Form of Hydrodynamic Model with Variable 
Coefficients in a Uniform Reservoir Using Lax-Wendroff Method 
Nopparat Pochaia *, and Chunya Sornsrib
aDepartment of Mathematics, Faculty of Science,
King Mongkut’s University of Technology Thonburi, Thailand 10140 
bDepartment of Mathematics and Computer Science, Faculty of Science and Technology, 
Rajamangala University of Technology Thanyaburi, Thailand 12110 
Elsevier use only: Received 15 November 2010;revised 15 December 2010;accepted 20 December 2010 
Abstract 
A mathematical model is used to simulate the water current and the elevation in a uniform reservoir. A hydrodynamic model that 
provides the velocity field and elevation of the water flow is considered. In the simulating process, the Lax-Wendroff technique
is used to approximate the solutions. 
© 2010 Published by Elsevier Ltd. 
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1. Introduction 
The methods of detecting the amount of pollutant both in the air and water mostly involve a field measurement 
and a mathematical simulation. For the shallow water mass transport problems that were presented in [1], the 
method of characteristics has been reported as being applied with success, but in real cases it presents some 
difficulties. In [2] and [3], the finite element method for solving the water pollution models in one-and two- 
dimensional water areas are presented respectively. Most mathematical models require data concerning the velocity 
of the current at any point in the domain. The hydrodynamic model provides the velocity field and tidal elevation of 
the water. Those results are data for the dispersion model. In [4], they used the finite difference method in the 
hydrodynamic model with constant coefficients in the uniform reservoir. 
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Averaging the equation over the depth, and discarding the term due to Coriolis force, shearing stresses and 
surface wind, it follow that the two-dimensional linear shallow water equation is applicable [5]. In this research, we 
use the Lax-Wendroff method to approximate the velocity and the tidal elevation with variable coefficients. 
2. The Hydrodynamic Model 
The continuity and momentum equation govern the hydrodynamic behavior of the reservoir [5]. We average the 
equation over the depth, discarding the term due to the Coriolis force, shearing stresses and surface wind. The well-
known two-dimensional shallow water equations are 
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where ( , )h x y is the depth measured from the mean water level to the bed of the reservoir, ( , , )x y t] is the 
elevation from the mean water level to the temporary water surface or the tidal elevation, g is the acceleration due to 
gravity, and ( , , )u x y t and ( , , )v x y t are the velocity components, for all > @ > @( , ) 0, 0,x y l l u . We now 
introduce the two-dimensional non-linear shallow water equation with dimensionless form [4] by letting 
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From equation (2) we obtain  
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From equation (3) we obtain 
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In ],0[ u:  where (0,1) (0,1):  u with the initial conditions ( , , ) ( , )Z X Y T f X Y and
( , ,0) ( , ,0) 0U X Y V X Y  .The boundary conditions are 
(0, , ) (1, , ) ( ,0, ) ( ,1, ) 0Z Y T Z Y T Z X T Z X T    at w: .
3. Numerical Technique 
Equations (14)-(16) can be written in the form 
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1 2 3, ,W Z W U W V   . We now discretize Eq.(7) by dividing the interval [0,1] into L and M subintervals and 
such that 1L X'   and 1M Y'  , and the intervals ],0[  into N subintervals such that  'TN . We can 
then approximate 1( , , )l m nW X Y T  by ,1l m
nW , the value of the difference approximation of 1( , , )W X Y T  at point 
,X l X Y m Y '  '  and T n T ' ,where 0 ,0l L m Md d d d and 0 n Nd d , and similarly defined for 
,2l m
nW and
,3l m
nW . The grid point ( , , )l m nX Y T are defined by lX l X ' for all 0,1, 2,...,l L , mY m Y ' for 
all m = 0, 1, 2,…,M and nT n T ' for all n = 0, 1, 2,…,N in which L, M and N are positive integers. Using the 
Lax-Wendroff method [6] on Eq.(7), we can obtain the following finite difference equation: 
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and /p T X ' ' . A stability analysis of the Lax-Wendroff scheme (9) with matrices ,l mA and ,l mB  has been 
given in [6]. The Lax-Wendroff scheme is stable if 0
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4. Numerical Examples 
We consider a uniform reservoir with dimension 320 320u m ( 320l m ) and constant depth 1h m . The 
reservoir is meshed by 25 grids points with 80x y m'  '  and we take the time interval 10 .t s'   Initially the 
water in the reservoir is assumed to be motionless ( 0, 0)u v  and the water elevation is specified as 
2 2
2 2
( , , ) ( )( ).
x x y y
x y o
l l l l
]     Using Eq.(19),  the water elevation and the velocities in x-direction  and y-
direction are shown in Table 1-3 respectively. 
Table 1 The elevation ] (dimensionless) at T = 0.2 
y, x (m) 0 0.25 0.50 0.75 1 
0 0 0 0 0 0 
0.25 0 0.07842 0.02637 -0.03281 0 
0.50 0 0.02286 -0.05601 0.01174 0 
0.75 0 -0.03736 0.02943 0.07985 0 
1 0 0 0 0 0 
Table 2 The velocity x-direction u (dimensionless) T = 0.2 
y, x (m) 0 0.25 0.50 0.75 1 
0 0 0 0 0 0 
0.25 -0.05447 -0.05447 0.07923 0.02883 0.02883 
0.50 -0.07510 -0.07510 -0.00682 0.04470 0.04470 
0.75 -0.05779 -0.05779 -0.11282 0.03819 0.03819 
1 0 0 0 0 0 
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Table 3 The velocity y-direction v  (dimensionless) T = 0.2 
y, x (m) 0 0.25 0.50 0.75 1 
0 0 -0.03462 -0.0751 -0.05579 0 
0.25 0 -0.03462 -0.0751 -0.05579 0 
0.50 0 0.11902 0.03841 -0.04023 0 
0.75 0 0.05766 0.08315 0.06515 0 
1 0 0.05766 0.08315 0.06515 0 
5. Conclusions 
A model for approximation of the velocity and elevation of the reservoir is constructed. The results can 
transform to be dimensional solution as the input data for the convection-diffusion equation of the water quality 
model. 
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